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Thermoconcent ra t iona l  convection in a solidifying b inary  melt  is numer ica l ly  investigated. 

A crys ta l l iz ing  b ina ry  melt  is cha rac t e r i zed  not only by t em p e ra tu r e  inhomogeneity of the liquid core  due 
to the interact ion between the the rmal  motion and the gravi tat ional  field, but also,  because  the impuri ty  is of 
di f ferent  solubil i t ies in the solid and liquid phases ,  by concentrat ion inhomogeneity,  which leads to the .appear- 
ance and development of convect ive motion - cal led concentrat ional  convective motion. 

The combined interact ion with the gravitat ional  f ield of the t empera tu re  and concentra t ion inhomogeneities 
in the liquid c o r e  of  a c rys ta l l i z ing  b inary  melt  causes  thermoeoncent ra t iona l  convect ive motion in the melt.  
Never the less ,  severa l  hydrodynamic investigations of the liquid core  of a c rys ta l l iz ing  melt  (see, for example,  
[1-3]) have cons idered  a pure mel t  or  ignored the effect of the concentrat ion inhomogeneity [4]. 
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Fig. 1. Change with t ime  of  s t r e a m  isolines (a, d, g), i so therms  (b, e, h), and 
concentrat ion isolines (c, f, i). 
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Fig. 2. Change over time in the maximum velocity of a descending convec-  
tive flow: 1) Gr =Gr D =0.2 �9 106; 2) Gr =0.2 �9 10 ?, GrD= 0.2 �9 108; 3) Gr =GrD= 
0.2- 107; 4) Gr =0.2.107. 

Since most  substances in a molten state contain a cer tain amount of impuri ty,  a numer ica l  investigation 
of the hydrodynamics in the liquid core  of a crys ta l l iz ing binary melt, taking into account both the t empera tu re  
and concentration inhomogeneity, should serve  to br ing the theoret ical  model c loser  to the actual p rocess  and, 
correspondingly,  to give a broader  understanding of this process .  

The region considered in construct ing a mathematical  model of the appearance and development of the r -  
moeoncentrat ional  convective motion in the liquid core  of a crysta l l iz ing binary melt is rec tangular  and semi -  
infinite along the horizontal  axis, with a c ro s s  section of re la t ive  dimensions l 1 • l~. 

Initially, the melt is in a quiescent state,  with a homogeneous initial t empera ture  distribution, T o > To, 
and a uniform impuri ty  distribution with initial concentrat ion c 0. 

Some t ime later  (t > 0), the tempera ture  at the boundary of the region decreases  discontinuously to the 
crysta l l izat ion tempera ture  To, and a sol idphase fo rms  at the boundary. The moving phase boundary is assumed 
to be a plane direct ly  separat ing the solid and liquid regions.  

The t ime dependence of the sol id-phase and l iquid-core  thicknesses  is derived f rom the c lass ica l  Neu- 
mann solution of the Stefan problem. In dimensionless  form, the appropria te  expressions are  as follows; 

Ri=cc]/-F'o, s i= / i - -a~ / rF-o  ( i = 1 ,  2), 

and the corresponding ranges  of the var iables  V 1 and t/2 are  

R i ~ t h ~ e i ,  R2~  tl2~ea. 

This choice is reasonable.  It follows f rom [3] that taking into account the influence of convective motion in the 
liquid core  on the heat t ransfer  through the solid phase - which is essent ial ly  what determined the position of 
the phase boundary over t ime - does not have sufficient effect on the final resul t  to justify a more  complicated 
p rog ram and a corresponding increase  in the computation time. 

In dimensionless  form,  the initial sys t em of equations is as follows: the equation of motion in the Bous- 
s[nesq approximation,  under the condition that the charac te r i s t i c  velocity and p re s su re  are  determined by the 
conditions 
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the hea t - t r ans fe r  equation 

O0 1 
0 F---V + ~ v )  o = - -  AO, 

L e  ( 2 )  

the m a s s - t r a n s f e r  equation 
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and the continuity equation 

OS +(Ov) S=AS, ~3) 
OFo 

m 

vU = o. (4) 

The s y s t e m  (i)- (4) is c losed by the boundary conditions 

F o = O  U-=O, 0 = 1 ,  S = l ,  

= - n ; ( 1 - k ) s ,  
~h 
~S 

n, = e, ~ = --e~ (1 --k)S, 
0,I, 

~1~ = Rz OS = - -R2(1 - -k )S ,  
0% 
OS 
On,. 

(5) 

Introducing the s t r e a m  function r  re la ted  to the veloci ty  components u 1 and ug. by the express ions  u 1 = 

0r i~p , the vor t ic i ty~0=rot  [J, and the new var iables  ~, --- ~I,--R, , ~z ' l z - -Rz ,  by means of 
o ~  z , u ~ =  O'h e , - - ~ ,  = ~'g-~-=~R, 

which the cavity is conver ted f rom rectangular  to square  c ro s s  section, so that 0 -<gl -~1 and 0 -<~.-<1 through- 
out the whole of the crysta l l izat ion period,  the initial s y s t e m  (1)-(4) and the boundary conditions (5) may be 
wri t ten in the form 

Here  
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1 { 1 O* } 1 A,O, 

aS + 1 { 1 o~ ~ z ( s ; -  R~)-- R;} O_.ff___S __ 
OFo e l - -R l  %--Rz 0~z 0~t 

{ 1 O__._.~ } OS =AtS  ' 
1 ei 

q~ = _ At% 

F o = O  U = O ,  0 = 1 ,  S = I ,  

~ ,=0 ,  ~ ,=1 ,  ~z=O, ~ z = l  0---0,  Or Or =0 ,  
0 ~  0~ 2 

~, = 0 O_.S_S = _ R; (e, - -  R,) (1 - -  k) S, 

as 
~ t =  1 

O;t 

~z = 0 

;z = 1 

- -  = - -  ~I (el  - -  R , )  ( 1 - -  k) S,  

OS = _ _  R ~  (e2  - -  Rz) (1 - -  k) S,  

OS 
- ~ (% - -  R 2 )  ( 1  - -  k )  S .  

0 ~ 2  

Al 
1 0 2 1 0 z + 

(8,-- R,) 2 a~  (%-- R2) 2 a~  
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N u m e r i c a l  r e a l i z a t i o n  of  th is  p r o b l e m  is by  means  of  an impl ic i t  f i n i t e -d i f f e r ence  s c h e m e  of  v a r i a b l e  
d i r ec t ions  (a l o n g i t u d i n a l - t r a n s v e r s e  scheme)  [5]. U n i f o r m  coord ina t e  (wh) and t ime  (Fo h) g r ids  a r e  i n t ro -  
duced. The s a m e  n u m b e r s  of d iv is ions  o v e r  the c o o r d i n a t e s  r 1 and ~ f f -  M) a r e  chosen ,  and thus  we obtain  

o~={~l=ih; ~ =tnh; h_= i 1 ; i = 0 ,  I, 2, . .  I; r e = O ,  1, 2, M}" 
I M 

Fo~= F o =  ~ n ~ ;  ~ = - - ~ ;  0 < A < I ;  n = l ,  2, 3 . . . .  
n 

Using  the  method  of  f r ac t iona l  t i m e  s teps  with s imul t aneous  divis ion ove r  the coo rd ina t e s  ~l and [~. [6], 
Eqs.  (6)-(8) a r e  b rought  to the f o r m  

0,~ + ~,-~---7 ~ ~ , - - -  

Sm~Or O0 - + - -  , (11) 
ei ~ Ri i,rn ~ i -  Ri i,m 

0,5~ + ez--  R2 ~,~ 

, O ~  / ' 

O~m--OZ.~  1 I 1 ( aM ) +  
0.5~ ~- ~i - -  n- - - - - - -~  t ~ - -  R~ ~, a~. ~ ,~ - -  

t a~, h,., L~ @,--R~)~ i a~i }~,~ 

(12) 

(13) 

e + . , - e  -~,,m 1 f 1 / ar k+ 
o,5  t ), + 

+~(4 - -~ ; )+R~}  ( oe t+ 1 / o,e ~+ 
\ a~ /,~,m = L~(~,--S~)~ t '-~],.,. '  (14) 

i { , (aM 

s+,,,_s.,, } (os /+  , 
' , "  -- tj~(e~ - -  R~) 3- n~ = . (16) 

The s u p e r s c r i p t s  +, A, and - in Eqs.  ( 11 ) - ( 16 )  c o r r e s p o n d  to the  (n+ 1)-th, (n + l / 2 ) - t h ,  and n - t h  t i m e  s tep.  

The Po i s son  equat ion - Eq. (9) - m a y  be wr i t t en  in a f o r m  sui table  for  in tegra t ion  as  fo l lows:  

~bs.+l = M .s + %  R2) (%'-i.,, + M~+i ,,) + " ~  "~ 2 [(~, - -  R,) 2 + (~ - -  R~)21 [(~2-- 2 ,+i 

- -  ,, ~ i ,~ - i  +%..+,)  + (~i--R,) (8~--R2) h %ml--M.~ �9 

Here s is the number of the iteration and r 0 is the relaxation parameter.  

The difference analog of the system of boundary conditions (10) is of the form_ 

o 0 o o = = = &, . .  = ~o,., = M',m = Mi,o = %. ,  = 0 ,  

2 2 
'~i,o = -  - h T % , .  ~ , , , , = - - " ~ ' r  

2 2 
r = - -  *l.m, ~1.~ = - -  - -  *~--,.,,, h 2 h 2 

(17) 

(18) 
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s,% + 
S0% = 2.0.5~ 

�9 h2  

,.~ h z 

S~m : 2.0,5~ 

{ } h 2 1 § e ~ ' ( l - - k )  1 + he; (1 - -  k) § --~-- 

h~ 
S +, + - - S ~ M  

8% = 2.0.5~ 

+ h 2 

S +  = 2.0.5T 
h 2 {  i ,, )} ' 

(19) 

O0.m = O1.,, = Oi.0 = O~.M = 0. (20) 

The boundary  conditions (18) and (19) w e r e  obtained by  expansion in Tay lo r  s e r i e s  in the vicini ty  of the c o r -  
responding  boundar ies ,  using the initial equations af ter  divis ion over  the coordinates  and the co r respond ing  
conditions f r o m  (10). 

Using the in tegroin terpola t ional  method formula ted  in [5], and de termining  the auxi l ia ry  coeff icients  in 
accordance  with [5], the s y s t e m  of equations and boundary  conditions (11)-(20) m a y  be reduced  to a s y s t e m  of 
a lgebra ic  equations,  which have been tes ted  on a Dnepr-21 computer .  

A n u m e r i c a l  invest igat ion was made for  the t h e r m a l  and diffusional Grashof  number s  (Gr =Gr  D = 0.2.106, 
Gr =GrD=0 .2 .107 ,  Gr = 0 . 2 . 1 0  ~, GrD= 0.2.108) for s tee l  with 1% carbon (c o = 1%) in the initial overhea t ing  of 
the mel t ,  A T = T  0 - T c  =I~  with k =0.5. 

T r i a l  calcula t ions  showed that to sa t i s fy  the conditions of ma themat i ca l  s tab i l i ty  and sufficient a ccu racy  
of the ca lcula t ions ,  a spat ia l  32 x32 gr id  is n e c e s s a r y .  

Analys i s  of the cu rves  for  the case  Gr =GrD = 0.2.107 (Fig. 1) indicates that some  t ime  af ter  the beginning 
of the p r o c e s s  (in this  ca se  Fo =0.2" 10-3), the d i rec t ion of the convect ive motion in the liquid core  is r e v e r s e d .  

The explanation is evidently as follows. In the given b ina ry  mel t ,  the specif ic  weight of the impur i ty  (car -  
bon) is l e s s  than that of  the bas ic  mel t  (iron). The re fo re ,  the convect ive  motion produced by the concentra t ion 
inhomogeneity which a r i s e s  in the cour se  of the p r o c e s s  is in the opposi te  direct ion to the t he rma l  convection 
due to the t e m p e r a t u r e  inhomogeneity.  However ,  at t imes  shor t ly  af ter  the beginning of the p r o c e s s ,  the t e m -  
pe r a tu r e  inhomogeneity develops cons ide rab ly  m o r e  rap id ly  than the concentra t ion inhomogenei ty (Fig. lb ,  c),  
so that at  this t ime  it is the t h e r m a l  convect ive  motion which de t e rmines  the ove ra l l  d i rect ion of the motion in 
the liquid co re  (Fig. la) .  

As the initial  t e m p e r a t u r e  excess  of the liquid core  is r e m o v e d  (es t imates  show that this  t e m p e r a t u r e  
excess  p e r s i s t s  for 15-20% of the to ta l  t ime  of c rys ta l l iza t ion) ,  the t e m p e r a t u r e  inhomogenei ty equal izes  (Fig. 
le) .  Against  this  background,  the effect  on the mel t  of the concentra t ion inhomogeneity,  which has be co me  suf-  
f ic ient ly  well  developed by this  t ime ,  begins  to be  m o r e  c l e a r l y  e x p r e s s e d  (Fig. ld,  f). 

F r o m  the t ime  that the t e m p e r a t u r e  inhomogeneity is p rac t i ca l ly  equalized (Fig. lh) and the concentra t ion 
inhomogeneity,  being m o r e  s table ,  is suff icient ly well  developed (Fig. l i ) ,  the direct ion of convect ive  motion in 
the liquid core  is comple te ly  de te rmined  by  the eoncent ra t ional  convect ive motion,  which is in the opposi te  
d i rec t ion  to the t h e r m a l  convect ion (Fig. lg). 

Fo r  the cases  Gr =Gr  D = 0.2" 108 and Gr = 0.2- 107, GrD = 0.2.108, the the rmoconcen t ra t iona l  convect ive  
motion r e m a i n s  bas i ca l ly  the s a m e  as for  the case  Gr = G r D =  0.2 �9 108, although the r a t e  of development  of the 
p r o c e s s  ove r  l ime  and the ve loc i ty  of the motion a r e  d i f ferent  (Fig. 2). Thus,  compar i son  of cu rves  1 and 2 
shows that if  the t h e r m a l  and diffusional Grashof  number s  a r e  equal (Gr =Gr  D) the r a t e  of development  of the 
p r o c e s s  is higher  and the ve loc i ty  of  convect ive  motion in the liquid core  is g r e a t e r  in cases  of l a r g e r  Grashof  
numbers .  Compar i son  of cu rves  2 and 3 indicates that for  equal Grashof  number s ,  the t h e r m a l  in tensi ty  of the 
development  of the p r o c e s s  is less  and the veloci ty  of convect ive  motion in the liquid core  up to the t i m e  that  
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concentrat ional  convective motion becomes  dominant is smal le r  in cases  with l a rge r  diffusional Grashof  num-  
bers .  However,  in these  cases  the r e v e r s a l  in the direct ion of convect ive motion in the liquid co re  occurs  more  
rapidly.  

The explanation is evidently that a l a rge r  diffusional Grashof  number cor responds  to more  developed 
concentrat ion inhornogeneity of the liquid core.  As a resu l t ,  the concentrat ion inhomogeneity begins to p r e -  
dominate more  quickly over  the t empe ra tu r e  inhomogeneity, and hence the t ime in which the concentra t ional  
convection comes to de te rmine  the overa l l  direct ion of convective motion in the liquid core  is reduced.  

Comparison of curves  1-3 with curve  4 [4] indicates that thermoconcentra t ional  convection, unlike t he r -  
mal convection, occurs  in the liquid co re  of a c rys ta l l iz ing  melt  prac t ica l ly  up to the end of solidification. 

N O T A T I O N  

x0, cha rac te r i s t i c  dimension; e, Co, cur ren t  and initial impuri ty  concentrat ion;  p ,  density of melt; ~, 
kinematic  viscosi ty;  P, cu r ren t  p r e s s u r e  in liquid core;  e2, unit vec tor  in the direct ion of the acce le ra t ion  of 
gravity;  fl, thermal -expans ion  coefficient;  7 ,  diffusional-expansion coefficient;  ~', acce lera t ion  of gravity;  T,  
cu r ren t  t empera tu re  of liquid core;  a ,  the rmal  dfffusivity; k, equi l ibr ium-dis t r ibut ion coefficient; r i ,  ei (i =1, 
2), coordinates  of phase boundary in the coordinate sys tem;  (~, solidification coefficient;  D, diffusion coefficient;  
~, veloci ty  of convective motion in liquid core;  Ll, L~, height and width of c rys t a l l i ze r  plane; Vi =xi/x0, dimen- 
sionless coordinates;  l t = Ll/x0, l~=L~/Xo, height and width of cavity in the coordinate  sys tem 0~?i~m; R i =r i /x0,  
e i =li/xo,  coordinates  of phase boundary in the coordinate  sys t em 0~? 1~72; 1~ =fi/u0, dimensionless  veloci ty  of 
convective motion in the liquid core;  | = (T - Tc) / (T  0 - Tc), dimensionless  t empera tu re  of liquid core;  ~ = P /  
(Pmax - Prnin), dimensionless  p r e s s u r e  in liquid core;  S =c / c  0, r e la t ive  impuri ty  concentrat ion;  Fo = Dt/x02, 
dimensionless  t ime; Sm= v/D, Schmidt number;  Le = D / a ,  Lewis number;  Gr =fl ~] (T o - Tc)x03/~ 2, t he rma l  
Grashof  number;  GrD =T ~]c0x03/v2, diffusional Grashof  number;  h, coord ina te -gr id  step; 7,  t ime-g r id  step; A, 
t ime factor.  
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